Abstract. We investigate the cosmological perturbations in the context of a Scalar-TensorVector theory of Gravity known as MOG in the literature. At the weak field limit, MOG increases the strength of gravity, and consequently addresses some astrophysical tests, without invoking dark matter particles. Recent investigations show that MOG reproduces a background cosmological evolution similar to ΛCDM, but with a matter dominated phase different from the standard case. In fact, the expansion rate in the matter dominated epoch is higher in MOG compared to that of ΛCDM. In this paper, in order to further investigate whether MOG passes the cosmological observations, we study the evolution of linear matter perturbations and estimate the modified gravity parameters. Unlike some current claims in the relevant literature, we show that MOG reduces the growth rate of the perturbations. We then compare MOG to the redshift space distortion (RSD) data. We find that MOG yields a much higher value than ΛCDM for the power spectrum parameter σ 8 . Although MOG cannot yet be ruled out by RSD data alone, the low growth and high σ 8 constitute a powerful challenge to the cosmological viability of MOG.
Introduction
The Scalar-Vector-Tensor theory of gravity, also known as MOG in the literature, has been introduced by John W. Moffat [1] . MOG introduces two scalar fields, G and µ, and one vector field φ α , in addition to the metric tensor. The existence of three extra fields implies some degrees of freedom by which MOG addresses the dark matter problem. It is well-known that this problem appears in different scales and systems like spiral galaxies, galaxy clusters and cosmological context. To address this problem, the astrophysical consequences of MOG have been widely investigated, for example, see [2] - [9] .
In this paper, we focus on the cosmological behavior of the theory. Specifically, we are interested in the evolution of the scalar perturbations. MOG is considered as an alternative theory of gravity for dark matter, rather than dark energy. In fact, its extra fields cannot explain the cosmic speed up. To explain the accelerated expansion, MOG uses an effective cosmological constant Λ. Although in this theory Λ appears as a mass term for the scalar field G, and not as a standard cosmological constant, it is shown in [10] that the Λ term is responsible for the late time cosmic acceleration. On the other hand, in the absence of the cold dark matter component, it is natural to expect a different cosmological scenario in MOG governed by the extra gravitational fields. Using the dynamical system analysis in [10] , the exact behavior of the extra fields in the cosmic history of the universe has been investigated. The evolution of the cosmos starts from a standard radiation dominated era, evolves toward a matter dominated epoch and tends to a late time accelerated phase. In [11] , we investigated the cosmology of MOG at the background level and showed that MOG cannot fit the observational data of the angular size of the sound horizon; however, a slightly modified version of MOG, called mMOG, can solve the problem. The matter dominated era of mMOG is also slightly different from ΛCDM. In this case, it is necessary to study the linear cosmological perturbation in the matter dominated phase to shed light onto the viability of the theory. In this paper, we study the linear perturbations in both models MOG and mMOG.
It is claimed in the literature that MOG increases the growth rate of matter perturbations, compared to ΛCDM [12, 13] . Of course, this is the main feature that one might expect from a modified theory of gravity which aims to replace dark matter particles. In fact, an increase in the growth rate, compared to ΛCDM with the current density parameter Ω m0 = 0.3, is expected in order to compensate for the absence of dark matter. For an example for this point see [14] . This feature is an analog to what happens when we deal with the rotation curves in the weak field limit of the given modified gravity theory. Assuming a spherically symmetric matter distribution, one may simply write the rotational velocity outside the matter distribution as v(r) = G eff (r)M/r . Where G eff is an effective Newtonian "constant" of gravitation and in principle, the modified gravity consequences appear in this function. On the other hand, we know that to explain the flat rotation curve data of spiral galaxies we need a mass component to raise the velocity curve in large distances. This means that, in the modified gravity approach, it is required to have G eff(r) > G at large distances from the center of the matter configuration. From this perspective, one may conclude that, at least in the weak field limit, a viable alternative gravity model for dark matter, should lead to a stronger gravitational force compared to the Newtonian case. Of course for theories that change the "dynamics" and not the gravitational sector, like the classic version of Modified-Newtonian-Dynamics (MOND), the above-mentioned description does not work.
However, recent studies on perturbations in MOG impose some assumptions which could restrict the generality of the final results. For example Refs. [12, 13] use the modified Poisson equation in MOG obtained in the weak field limit and in a non-expanding universe to study the linear perturbations. Furthermore, they simply ignore perturbations in some scalar fields. For example in [12] the scalar field G is assumed to be constant. Here we revisit the linear perturbations in MOG without putting any restrictive assumption. We present a complete description of the linear perturbations in all energy components. As we will show, our results are significantly different from the precedent analyses. More specifically, we do not confirm the main claim that MOG increases the growth rate of matter perturbations. Rather, we find a slower growth. Comparing to the available redshift space distortion (RSD) data, we find that in order to compensate the slower growth, the normalization σ 8 has to be substantially larger than in ΛCDM. Although per se this does not rule out MOG, such a high value will probably be in conflict with lensing and CMB results. We write down the full set of perturbation equations of MOG and derive the quasi-static limit. These equations can be used to address CMB and lensing data but a full treatment of this requires a complete reanalysis of the data and we leave it to future work. Concerning CMB, one could imagine that at early times MOG is corrected in some way to match CMB observations: in this case, only the late-time evolution will allow constraining or rule out the model. This paper is organized as follow. In section 2 we briefly review the modified Friedmann equations of the theory. In section 3, we introduce the linear scalar perturbations in the metric, scalar and vector fields. We comprehensively investigate the perturbed field equations of the theory and, without imposing restrictive assumptions mentioned above, we find all the perturbed field equations in an expanding universe. Then we proceed to find the evolution of matter perturbations, as a key issue to compare the model with observations. In section 4 we apply the sub-horizon limit to the perturbed equations, and find the final equation governing the evolution of baryonic perturbations in the matter dominated era of MOG. We follow the same procedure for linear perturbations in mMOG. However, since the modified version, mMOG, has almost the same field equations, we do not repeat the calculations and present only the final results.
Using both analytical and numerical methods, we discuss all the features of the evolution of matter perturbations δ and growth rate function f . In section 5, applying the likelihood analysis of the RSD data for f σ 8 , we find the best value of σ 0 8 for MOG and mMOG. The results are reported and discussed in section 6.
Here is the action of Scalar-Tensor-Vector theory of Gravity known also as MOG [15] S = S gravity + S scalar fields + S vector field + S m (2.1) in which,
where R is the Ricci scalar, Λ is the effective cosmological constant and the anti-symmetric tensor B µν is written as ∇ µ φ ν − ∇ ν φ µ where φ µ is the vector field. The Λ term can also be considered as the mass term for the scalar field G. This term plays the same role to explain the cosmic speed-up [11] as the standard cosmological constant. Furthermore, the vector field's potential V φ is set to − 1 2 µ 2 φ α φ α , in which µ, in general, is a scalar field which sets the mass of the vector field. This potential is the original form introduced in [1] , that also leads to a viable weak field limit and also to an acceptable sequence of cosmic epochs. The action of matter, S m (g αβ , φ α ), is postulated to be coupled to the vector field. In this case, there will be a non-zero fifth force current J α . For the sake of simplicity and, as will appear more clearly later on, without loss of generality, we restrict ourselves to the case in which the scalar field µ is constant during the structure formation era. It should be mentioned that this scalar field does not play a crucial role in the cosmic history of MOG [16, 17] . More specifically it is shown in [11] and [10] that µ does not have a substantial contribution to the energy budget of the cosmos. On the other hand, the scalar field G seriously influences the dynamics of the gravitating systems [2, 3] . It is useful to mention that, without µ, φ α and Λ, MOG reduces to the Brans-Dicke scalar-tensor theory in its original form [18] with the dimensionless coupling constant ω BD = −8π. It is well known that in Brans-Dicke theory ω BD ≫ 1 in order to pass the solar system observations. Therefore one may conclude that MOG cannot pass the classical tests in the absence of the vector field.
The energy-momentum tensors associated to the scalar field G and the vector field φ α are defined in the following form
where we have defined G as G = 1/G. Now let us briefly review the field equations of the theory. Variation of the action (2.1) with respect to g µν , yields the following modified Einstein equation
where T µν(m) = − 2 √ −g δSm δg µν and G µν is the Einstein tensor. On the other hand, the following field equations can be derived by varying the actions (2.3) and (2.4) with respect to G and φ α , respectively.
where the d'Alembertian operator G is defined as ∇ α ∇ α G, and the fifth force current is obtained by varying the matter action with respect to the vector field as J α = 1 √ −g ∂Sm ∂φα . Now, using (2.8) and (2.9), we can establish the following continuity equations for G and φ α
10)
We suppose that the matter content of the universe is a perfect fluid. In this case provided that ∇ α J α = 0, which results in ∇ α φ α = 0, one finds
For more details on the derivation of this equation see [19] . It is worth mentioning that the assumption of isotropy and homogeneity in cosmology leads to B αν = 0 at the background level. Therefore using equation (2.12) one recovers the normal continuity equation for the ordinary matter in the context of MOG. Now, we have the full set of equations to describe the dynamics of the cosmic fluid in the context of MOG. In the following section, we perturb them up to the first order and investigate the growth of density perturbations during the matter dominated era.
The perturbed equations
In this section, we introduce the linear perturbation equations. Let us start with the following perturbed metric in a flat space metric and in the Newtonian gauge
where τ = lna is the conformal Hubble time or e-folding time, and H = Ha the conformal Hubble function. Conveniently, we deal with a single mode k, i.e. Ψ = Ψ(τ )e ik·r for the spatial part. One can write the perturbed fields G and φ α as
where the subscript i stands for any of three spatial components, i.e. (x, y, z), and both background and perturbed quantities are functions of τ . From now on, the subscript 0 and 1 specifies the background and the first order perturbed fields, respectively.
Before moving on to perturb the field equations, we write the field equations (2.8) and (2.9) and the modified Friedmann equations 1 at the background level
where a prime stands for derivative with respect to τ . As we shall see, equations (3.3) and (3.4) are necessary to simplify the first order equations.
In the following we calculate the perturbed energy-momentum tensors already defined in section (2) . Let us start with the ordinary energy-matter content of the universe, taken to be a perfect fluid, see [21] for more details
where ω is the equation of state parameter, δ = δρ ρ is the density contrast, ρ is the background density, θ = ik · v/H is the velocity divergence and v is the peculiar velocity. Perturbations in the fluid pressure p is δp = c 2 s δρ, where c 2 s is the adiabatic sound speed of the fluid. For perfect fluid, we ignore the anisotropic stress tensor Σ j i . Similarly, in the following we linearize the energy-momentum tensors associated to fields G and φ α . To do so, we use equation (2.5), and find the first order perturbation of T
In a similar way, for the vector field φ α , using equation (2.6), we have
Now we are ready to find the linearized form of the conservation equations (2.10) and (2.11).
To do so, we first start with the scalar field G and use equations (2.11) and (2.5) to find the following first order relations. In this case the covariant derivative of (2.5) at the perturbed level gives
As equation (2.11) requires, we calculate the right hand side as 
By keeping the first order terms in the right hand side of (2.10), one can easily show that the time component is zero. On the other hand, for the special component it turns out that except the first term in the right hand side, other terms do not have any contribute in the linear limit. Therefore the spatial component of the right hand side of (2.10) in the linear limit is written as
Now equating equations (3.12) and (3.13), and after summation over index i, one may easily find the following scalar equation
Where
. However equation (3.14) can not be considered as a new differential equation. More specifically using the vector field equation (2.9), one can readily conclude that the first parentheses vanishes, see equation (3.4) . Notice that the second parentheses is also zero. To prove it we use the field equation of φ α . Let us take a divergence of (2.9) and take into account that ∇ α φ α = 0 and ∇ α J α = 0. Therefore we have a constraint identity on B αβ as ∇ α ∇ β B αβ = 0. By linearizing this constraint we arrive at
where the function f is defined as f = √ 3φ 1τ − A ′ 1 . One may straightforwardly conclude that f = 0. On the other hand, noting the cosmological principle one may conclude that A = φ 1x + φ 1y + φ 1z = 3φ 1j , where j = 1, 2, 3. This directly yields a simple differential equation between vector field components as
which is equivalent to A ′ 1 = √ 3φ 1τ and consequently we have ∇ µ δT µ ν (φα) =0, or equivalently (B αν J α ) 1 = 0. This result has an interesting outcome. More specifically, as we have already mentioned, the ordinary matter energy-momentum tensor, in principle, is not conserved in MOG. However, in cosmology, at the background level, this tensor is conserved because of the isotropy and homogeneity of the cosmic fluid. In this case, the following usual conservation equation also hold in MOG ρ
where ω is the equation of state parameter. It is natural to expect that this conservation breaks down when dealing with first order perturbations. Nonetheless the above calculations show that T 
where (3.18) is obtained from the spatial component ∇ µ δT µ 0 (m) = 0, and (3.19) is the corresponding time component. Now, let us summarize this section by considering the number of unknowns and the perturbation equations. We have seven unknown/perturbed quantities: G 1 , φ 1τ , φ 1i , ρ, θ, Ψ and Φ. Notice that we have assumed that all the spatial components of the vector field are equal. Accordingly, we need seven equations to describe the evolution of the perturbations. Therefore we used conservation equations and found three equations. More specifically, conservation equation of T µν (G) , i.e. equation (2.11) yields a differential equation for G 1 , see equation (4.24) in the next section. Furthermore, the conservation equation for T µν (m) gives two differential equations (3.18) and (3.19) . On the other hand, using the identity ∇ α ∇ β B αβ = 0 we found a relation between vector field components, see (3.16) . Consequently, we still need three equations to construct a complete set of equations governing the first order perturbations. To find these three equations, in the next section we use the time component of the vector field equation (2.9), along with the off-diagonal and time components of the metric field equation (2.7).
Perturbations in the sub-horizon scale
In this section, we find the evolution of the density parameter δ in the sub-horizon scale. Specifically, the sub-horizon scale corresponds to scales in which the physical wavelength 2πa/k of perturbations is much smaller than the Hubble radius 1/H. In order to apply the sub-horizon limit in the perturbed equations, we introduce the parameter λ = H/k ≪ 1. Then in the perturbation equations, we keep terms up to the lowest order of λ. Furthermore, notice that we restrict ourselves to the matter dominated epoch in MOG where the structure formation occurs. Therefore it is natural to expect that the equation of state parameter and the sound speed are zero, i.e. ω = 0 and c 2 s = 0. Keeping these assumptions in mind, the off-diagonal component of (2.7), leads to the following relation
Now, equation (3.19) can be written as
On the other hand equation (3.18) gives
where we have conveniently defined the total equation of state parameter ω t as follows
Differentiating (4.2) with respect to τ = lna, and combining with (4.3), one finds
As we already mentioned, in the sub-horizon limit, we ignore Φ ′′ and Φ ′ with respect to Φ λ 2 . In order to find a relation between Φ and G 1 , we exploit the perturbed time component of equation (2.7)
Applying the sub-horizon limit for G, as we already did for Φ, equation (4.6) is simplified as
Now we need to find the last term µ 2 φ 0τ φ 1τ in terms of the other perturbations. In order to quantify this term, we perturb the vector field equation (2.9). However for completeness, although it may seem trivial, let us first show that the constraints on J α and φ α , i.e. ∇ α φ α = 0 and ∇ α J α = 0, do not add new first order equations for the vector fields. Let us start from the fifth force current J α which is defined by [17] 
where u α is the four-velocity, and ρ m is the matter density. The metric (3.1) induces the following four velocity
In this way, the four-vector J α takes the following form On the other hand, at the perturbed level, the time and spatial components of (2.9) can be written as
where J is i J 1i . After some simple algebraic manipulations, using equation (3.16) and its derivative together with equation (4.13), and by taking into account that J α is defined in equation (4.10), one finds the following equations from the time and spatial components, respectively − 3He ik·r φ 1τ Hµ 2 − 4πκρe τ (δ + Ψ) = 0 (4.16)
which result in a simple relation for φ 1τ and A 1 , respectively
Now, it is straightforward to show that ∇ α φ α = 0 does not lead to a new constraint. At the background level this constraint is written as
It can be simply verified that equation (4.20) is the time derivative of (4.13). On the other hand, at the perturbed level,
Using equations (3.16), (4.13), (4.20) and (4.19) , this equation takes the following simple form
which is equal to (4.12). Therefore we showed that ∇ α φ α = 0 and equivalently ∇ α J α = 0 does not lead to new first order equations. Now, let us return to equation (4.7) in which one can replace µ 2 φ 0τ φ 1τ , using equations (4.13) and (4.18). Moreover we ignore the term including Ψ when compared with Φ λ 2 . Finally equation (4.7) takes the following form
In order to find the perturbed fields G 1 , Φ and Ψ, we require another relation. Therefore, as already mentioned, we use the time component of the conservation equation of T µν G , see (3.10) and (3.11) . This equation is written as
In fact, we use this equation instead of the field equation of G given by (2.8) . Keeping the lowest order of λ, (4.24) takes the following simple form
Now, we have equations (4.1), (4.23) and (4.25) for three unknowns G 1 , Φ and Ψ. Some algebraic manipulations gives
Then we have all the terms in (4.5) with respect to δ. As an aside, we notice that from these equations one can immediately derive the anisotropic stress η = −Φ/Ψ
This quantity, which is unity in the standard case, can be measured by combining weak lensing and galaxy clustering, although present constraints are still very weak. In [20] it has been shown that a Euclid-like survey can measure a constant η to within a few percent. This might then be an additional way to distinguish MOG from standard gravity. We focus from now on on the matter perturbation growth. In the context of MOG, the growth equation in the matter dominated era takes the form
To simplify this equation, we first replace G 0 by 1/G 0 , then ρ by
and the term He −τ by H. Finally, we find
The coefficient
represents the modification of the Poisson equation induced by MOG terms. One has Y = 1 in standard gravity. This coefficient is variously denoted as G ef f or µ in current literature. Together with η given above, it fully characterize the theory at linear, quasi-static scales. If we ignore the vector field (this can be simply done by setting κ to zero), then this equation recovers the corresponding equation in Brans-Dicke theory with ω BD = −8π, see equation (11.164) in [21] . This is not surprising as we already showed that in the absence of the vector field, MOG is equivalent to Brans-Dicke theory with ω BD = −8π. In order to simplify equation (4.29), let us review some results from [11] , in which the following density parameters are introduced:
Considering Fig. 1 and Table 1 in [11] , it can be concluded that Ω µ is almost negligible during the cosmic evolution of universe. This result confirms our previous assumption that the scalar field µ can be assumed constant in this analysis. Furthermore, one can clearly see that the cosmological constant does not contribute to the energy budget of matter dominated era. Now, using the modified Friedmann equations, see equation (3.2) in [11] , one may write
combining equations (4.29) and (4.32), we arrive at where now we see that
This is the main expression obtained in this paper to investigate the linear perturbations in MOG. It is clear that we need a numeric procedure to solve this equation. Before going through the numerical solution for equation (4.33), let us compare it with the corresponding equation in ΛCDM, namely
It is clear that the main difference between equations (4.33) and (4.35) is the coefficient Y , since ω t evolves similarly in both MOG and ΛCDM, see [11] for more details. This coefficient can qualitatively specify whether the growth rate in MOG is smaller or larger than that of ΛCDM. Using numerical solutions presented in [11] for cosmic density parameters, Y has been shown in Fig. 1 , for MOG, mMOG and ΛCDM. The value of Y in MOG and mMOG is smaller than ΛCDM. Therefore one may expect a slower growth rate for matter perturbations in MOG. This figure reveals another interesting feature. Although one may not expect it, Y in MOG and mMOG is also constant. One can easily verify that flat Y means that the left-hand side of (4.32) remains very small during the cosmic evolution. To be specific, let us write the left-hand side of equation (4.32) as follows
where G N is Newton's gravitational constant, µ 0 is the current value of the scalar field µ and ξ is a dimensionless parameter defined as In other words, the length scale of the field is negligible compared with the cosmological Hubble length. This fact directly means that the vector field is not light enough to play a significant role in the cosmological scales. On the other hand, as we already mentioned, also the scalar field µ does not play an essential role in the cosmological background. Consequently, we can say that, in the cosmological context, the only important field of MOG is the scalar field G. In other terms, it seems that in the cosmological background, MOG is equivalent to a single scalar field Brans-Dicke theory. It is worthy to mention that unlike the screening fields, MOG's fields get hidden in the cosmological scales where the density is low, and get important in smaller scales as galaxies and galaxy clusters. Keeping this primary result in mind, namely slow growth rates for matter perturbations in MOG, we investigate the numerical solution of (4.33), where for the background functions, i.e. ω t (t) and Ω's, we use the numerical solutions introduced in [11] .
It is shown in [11] that the effective equation of state parameter in the matter dominated fixed point is ω t = −0.01. To obtain another crude comparison between the growth rates in standard description and MOG, let us simply assume that Ω's are almost constant in the matter dominated universe (this assumption is not too restrictive, especially when we look at the matter dominated phase as a fixed point in the dynamical system approach), and rewrite (4.33) as follows
The growing solution is written as
In Newtonian case where ω t = 0 we have k 1 = 1/2 and k 2 = 3/2 (if Ω m = 1 in matter dominated phase), and consequently δ ∝ a ∝ t 2/3 . It is required that modified gravity theories aiming at replacing dark matter should increase the growth rate of density contrast in baryonic matter compared with the standard case. Therefore, in MOG we expect that
On the other hand, in [11] the cosmology of MOG has been considered as a dynamical system. It has been shown that the matter dominated phase appears as a repulsive fixed point, called f 4 , in the dynamical system of the model. When the cosmological model reaches this fixed point in the phase space, we have ω t = −0.01, Ω m ≃ 0.97, Ω G = 0.03, Ω R = 0 and Ω Λ = 0. Using these data we arrive at k 1 = 0.52 and k 2 = 1.42. Therefore one may simply conclude that the condition (4.42) does not hold in MOG. Therefore our simple estimation shows that although the scale factor grows close to the standard case, i.e. a ∝ t 2/3 , the matter contrast grows slower, as δ ∝ t 0.65 , compared with the Newtonian case. This behavior seems completely against what one might expect from a modified theory of gravity aiming at replacing dark matter. Now, let us solve (4.33) in a completely general way without restricting ourselves to the matter dominated era. To do so we use numerical solutions for Ω's presented in [11] , and keep all of them in our differential equation. Furthermore, we need to fix a suitable set of initial conditions. The simplest choice is to use the same initial conditions that is taken in deep matter dominated phase in ΛCDM, namely
where the initial τ * = ln a * is taken at τ = −2.5, which corresponds to the redshift z * ≃ 11.
Here we show numerically that δ grows slower than in ΛCDM. This is clear from Fig. 2 , in which the same initial condition for δ in MOG and ΛCDM are adopted. Notice that the initial conditions in modified theories of gravity, in principle, can be different from ΛCDM, for example see [22] . Consequently, we can try to change the first initial condition as
Starting from different initial conditions, i.e. with β = 1, we see from the right panel in Fig.  2 that we are soon back to the same evolution. Notice that, using our analytic solution, we find that at the deep matter dominated epoch δ ′ /δ = ( k 2 1 + 4k 2 − k 1 )/2 < 1. Therefore, we have studied β < 1, and concluded that the growth of δ in MOG is in all cases smaller than ΛCDM.
It is also instructive to investigate the growth rate parameter f of matter perturbations defined as follows
In terms of f equation (4.33) can be written as
To solve this equation, we need only one initial condition. So the initial condition (4.44), namely f (z * ) = β, is taken. The result has been illustrated in the right panel of Fig. (2) . The solid blue and read curves belong to ΛCDM and MOG respectively. Dashed curves indicate f in MOG for different values of β. This panel clearly shows that the growth parameter f in MOG is always smaller than the standard case. It is interesting to mention that irrespective to the initial condition (β), the behavior of f does not change for τ > −1. In fact if we perturb the initial condition, i.e. β → β + δβ, then the the growth rate will change as f (τ ) → f (τ ) + f 1 (τ ). The above mentioned behavior means that f 1 (τ ) is a decreasing function of τ . Before discussing why this behavior is important to us, let us prove it using a simple first order stability analysis where f 1 ≪ f . To do so, we use functions k 1 (τ ) and k 2 (τ ) defined in (4.40), and linearize equation (4.46) as follows
This equation can be simply integrated. The solution is written as On the other hand we know that f > 0 and k 1 (τ ) > 0. Therefore it is clear that f 1 is a decreasing function of τ , and the evolution of the growth rate parameter is independent of the initial condition. We will see that this behavior plays a key role to determine the observational parameter f σ 0 8 in MOG. Before starting the observational part where we find the best fit to the RSD data f σ 8 (z), let us check the growth rate in a different version of MOG, called as mMOG, introduced in [11] . A new parameter c has been incorporated by changing the kinetic energy contribution of the scalar field G. In this case, one may find a much better agreement with the relevant sound horizon observations provided that the new parameter is fixed as c ≃ 0.33 × 8π, see [11] for more details. Notice that one may recover MOG by setting c = 8π. For the sake of completeness, we consider c as a free parameter and investigate the evolution of matter perturbation δ and the growth parameter f in the context of mMOG. With completely similar calculations/analysis presented for MOG, we find the following equation for the linear perturbation δ
where
G ) 2 and the rest of Ω's are the same as in equation (4.31). Before moving on to the numeric solution of the matter perturbations δ and the corresponding growth rate f in the matter dominated era of mMOG, let us present an analytic description. We consider a crude estimation that ω t and Ω's are constant. In this case, we are interested to see how δ in equation (4.49) is influenced by the new parameter c. Strictly speaking, we check whether the new constant c leads to a faster growth rate compared to the standard case. For our purpose, we need to substitute the matter dominated fixed point 
(c) Figure 3 . Evolution of q 1 and q 2 with respect to c where a(t) ∝ t q1(c) and δ ∝ t q2(c) . The curves smoothly reach the dashed green line which is the corresponding value for ΛCDM, i.e. 2/3.
see Table 3 in [11] , into the equation (4.49). In this case it is straightforward to show that the cosmic scale factor grows as a(t) ∝ t q 1 (c) , where the function q 1 (c) is written as
Furthermore equation (4.49) is integrated to give δ ∝ t q 2 (c) where the function q 2 (c) is defined as
It is clear that at the limit c → ∞, both functions asymptotically reach to 2/3. This means that expansion rate and the growth rate of the perturbations get identical to those of the standard cosmological model. In Fig. 3 we have plotted q 1 and q 2 in terms of the free parameter c, were for c < 2 there is a singularity in both functions. Moreover, these functions get negative, which is not interesting from the physical point of view. Therefore we have illustrated these functions for c > 2. Notice that in order to avoid the existence of a ghost in the theory, we have restricted ourselves to a positive c [11] . This figure reveals an interesting feature of the theory. More specifically, we see that irrespective to the magnitude of the free parameter c, q 1 (c) > 2/3 and q 2 (c) < 2/3. This means that this theory increases the expansion rate of the cosmos in the matter dominated phase, and accordingly decreases the perturbation growth rate. In other words, the effective impact is that the extra fields of the theory increase the expansion rate and decrease the matter perturbation growth. We already know that increasing the expansion rate, in principle, may reduce the matter growth. As an example, the Jeans analysis in a non-expanding isotropic and homogeneous fluid shows that matter perturbations grow exponentially with time. On the other hand in a similar situation, but in an expanding medium, matter perturbations grow as a power law function of time.
For the special case c = 0.33 × 8π discussed above, we have q 1 ≃ 0.7 and q 2 ≃ 0.6. Therefore it seems that there is not a significant difference between MOG and mMOG as fas as matter perturbations are concerned. However, let us present the exact numeric solution of (4.49) for a similar set of initial conditions described for MOG. The result for different values of c has been shown in the left panel of Fig. 4 . It is clear that the new parameter c does not lead to a significant deviation. However it is also clear that by decreasing c, we need a larger value for δ at the initial time to recover the current matter perturbation, i.e. δ = 1.
The corresponding growth rate parameter f has been plotted in the right panel of Fig.  4 . In this case it is easy to show that f satisfies the following first order differential equation
The solutions for different values of c are shown in the right panel of Fig. 4 . As we already discussed, there are minor differences between MOG and mMOG, and more importantly mMOG also can not lead to a larger growth rate for matter perturbations. In summary, in this section, we considered the growth rate function f and the evolution of the matter perturbation δ in the framework of MOG and its slightly modified version, mMOG, based on numerical and analytical descriptions. We can simply conclude that this theory leads to slower matter growth compared to ΛCDM. This result is surprising in the sense that the usual Jeans analysis in a non-expanding infinite medium in MOG, leads to a smaller Jeans mass compared to the standard gravity. On the other hand, the growth rate of small perturbations is higher than the standard case [23] . This fact even happens in rotating systems, for more details see [7] . This behavior is natural in the sense that MOG increases the gravitational strength and consequently reduces the Jeans mass. However, one should note that at the cosmological level we deal with an expanding universe in which it is not trivial to simply characterize the impact of the extra fields on the growth rate of the perturbations. In this case, the growth depends also on the fraction of matter compared to other energy contributions. In other words, if the other homogeneous fields decrease this fraction, the effect might overcompensate the increase of gravitational strength, and the result is less growth.
In the following section, we compare our results with the relevant observation and discuss the viability of MOG as an alternative to dark matter particles.
Comparison with observation
In the previous section, we have found the evolution of the density perturbations δ and the growth function f in the context of MOG and a slightly modified version called mMOG. However as we already mentioned only the growth rate f σ 8 data is of observational importance and not the density contrast δ itself. Therefore here, we use the available data for f σ 8 , also called the RSD observable, for comparing the main outcomes of (4.49) with observation. Notice that f σ 8 is defined as
in which the amplitude of the perturbations σ 8 (z) is conveniently defined as
To obtain the current value of σ 8 , it is necessary to specify the underlying gravity theory. Then σ 0 8 is determined through model dependent observations such as CMB power spectrum [24] , weak lensing [25] and abundance of clusters [27] . Consequently, σ 0 8 is a model-dependent quantity [28] , and naturally one may expect a different value for it in MOG compared with ΛCDM, where we have σ 0 8 = 0.802 ± 0.018 [24] . In the following, we proceed along a simple strategy. We assume that f σ 8 (z) data are also valid in MOG 2 . Then we solve the perturbation equation (4.49), and by fitting to f σ 8 (z) data, we predict the best value for σ 0 8 in MOG. It is worth mentioning that the available data for f σ 8 lie in the redshift range 0 ≤ z ≤ 1.2 (see Fig. 6 ). In this interval, the baryonic matter, the cosmological constant and the scalar field G have non-zero contribution to the energy budget of the Universe, see Fig. 1 in [11] . On the other hand, one can ignore radiation in equation (4.49).
As we already discussed, equation (4.33) needs two initial conditions to be solved. Consequently, we have two free parameters σ 0 8 and β. However, we have already shown in the previous section that the solution of equation (4.33) does not change significantly with initial conditions. In fact, there is a growing and a decaying mode, and the growing one wins, regardless of the initial conditions. Therefore, without loss of generality, we set β = 1 as in ΛCDM and find the best value of σ 0 8 . The likelihood analysis can provide us with the best value of σ 0 8 to fit the RSD data. For the data points, D i , we used Table II in [29] . In the case of independent data points, the likelihood function L is given by a simple relation,
in which A is a normalization constant and χ 2 is defined as
where D i and T i refer to the predicted value of an observable by data and theory, respectively. Furthermore, σ i is the error associated to the ith data point. Specifically, in our case, we have
(5.5)
Results of the likelihood analysis for σ 0 8 are shown in Fig 5. The likelihood analysis reveals that the maximum of σ 0 8 is located at 1.44 and 1.59, for MOG and mMOG, respectively. It is worth mentioning that in MOG, one only considers the baryonic matter and in this regards, we expected a larger value for σ 0 8 , compared to ΛCDM, as also can be seen in [30] . Now, we can perform the last step of the comparison between data and theory. In Fig.  6 , we plot f σ 8 for MOG, mMOG and ΛCDM along with the data points. We have shown the long-term evolution of f σ 8 for all the models, in the left panel of Fig. 6 . We also fit a polynomial to the curves in MOG and mMOG. In the right panel, we restrict the plot to the available range of the data. In the case of ΛCDM we picked the reported σ 0 8 in [24] , while for MOG and mMOG we used the result of our likelihood analysis. As the plot clearly shows, the evolution of f σ 8 in MOG and ΛCDM is significantly different. Although χ 2 /dof is smaller in MOG, one needs more data points to decide which model can fit the data more accurately. The two curves of MOG and mMOG coincide and we almost get the same results.
We summarize all the results obtained from the likelihood analysis in Table 1 decision on the viability of MOG as an alternative theory of dark matter, it is necessary to measure σ 0 8 from the relevant observations, like CMB and lensing [31] and compare it with that obtained in this paper. We leave this point for future studies. We know that in TeVeS, a relativistic version for Modified Newtonian Dynamics (MOND) [14] , the extra vector field can play a role similar to cold dark matter [32] and increase the matter growth rate. However, our analysis shows that this is not the case in MOG, and the Proca vector field does not expedite the perturbation growth. Therefore, this point can be considered as a challenge to the viability of this theory.
Discussion and Conclusion
In this paper, we investigated the cosmological perturbations in the context of a ScalarTensor-Vector theory of gravity known as MOG in the literature. As in the standard case, we started from the modified Friedmann equations and introduced the perturbed metric in the Newtonian gauge. We assumed that the matter content of the universe is a perfect fluid, and without imposing restrictive assumptions on the evolution of the fields, found the first order perturbed field equations for linear scalar perturbations.
It is well known in the literature that any deviation from ΛCDM in matter dominated era may substantially influence the structure formation scenario. In order to consider this fact, we evaluated the evolution of matter perturbations, δ, and the growth function, f = δ ′ /δ, in the context of MOG. Since the growth of gravitational seeds starts in the sub-horizon scale, we have considered the perturbed equations in the sub-horizon limit in the matter dominated epoch.
In this way, we found the evolution of δ and f in the small-scale limit in the matter dominated era of MOG. We also presented a similar description for mMOG, which is a different version of MOG compatible with the sound horizon observations. Our solution reveals that the growth of matter perturbations in MOG is slower than in ΛCDM. In fact, this is a surprising result, since in all the modified gravity theories aiming at replacing dark matter the gravitational force should be strengthened in the weak field limit, in order to explain the flat galactic rotation curves and other relevant issues. We wrote down the full set of perturbation equations and determined the two modified gravity parameters, η and Y . We then compared MOG, mMOG and ΛCDM with the observed f σ 8 , and found that MOG and mMOG require higher values for σ 0 8 . The RSD data do not yet rule out MOG but the high value of σ 8 seems problematic when compared to recent estimates due to lensing. We conclude therefore that although MOG is not yet ruled out, a full analysis of CMB and lensing data will provide a strong challenge to MOG.
